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3.  

(a)  

 

 

Vertical equilibrium of the beam: 

 𝑅" + 𝑅$ = 𝑃 +
𝑤𝐿
4

 (1) 

[1 mark] 

Taking moments about position E: 

𝑃𝐿
2
+
𝑤𝐿+

32
= 𝑀. + 𝑅"𝐿 

∴ 𝑅" =
𝑃
2
+
𝑤𝐿
32

−
𝑀.

𝐿
 

 

Substituting values of 𝑃, 𝐿, 𝑤, and 𝑀. gives: 

𝑹𝑨 = 𝟕𝟏𝟖. 𝟕𝟓	𝐍 

[2 marks] 

Rearranging (1) for 𝑅$  and substituting values for 𝑅", 𝑃, 𝐿, 𝑤, and 𝑀. gives: 

𝑹𝑬 = 𝟐𝟎𝟑𝟏. 𝟐𝟓	𝐍 

[2 marks] 

 

(b)  

Taking the origin at the left-hand end of the beam, sectioning after the last discontinuity and drawing a free body 
diagram of the left-hand side of the section: 
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[2 marks] 

Taking moments about the section position: 

𝑀 +
𝑤 〈𝑥 − 3𝐿4 〉

+

2
+ 𝑃 〈𝑥 −

𝐿
2
〉 = 𝑀. 〈𝑥 −

𝐿
4
〉A + 𝑅"𝑥 

∴ 𝑀 = 𝑀. 〈𝑥 −
𝐿
4
〉A + 𝑅"𝑥 −

𝑤 〈𝑥 − 3𝐿4 〉
+

2
− 𝑃 〈𝑥 −

𝐿
2
〉 

[2 marks] 

Substituting this into the main deflections of beams equation (𝐸𝐼 D
EF

DGE
= 𝑀): 

𝐸𝐼
𝑑+𝑦
𝑑𝑥+

= 𝑀. 〈𝑥 −
𝐿
4
〉A + 𝑅"𝑥 −

𝑤 〈𝑥 − 3𝐿4 〉
+

2
− 𝑃 〈𝑥 −

𝐿
2
〉 

[1 mark] 

Integrating with respect to 𝑥: 

 𝐸𝐼
𝑑𝑦
𝑑𝑥

= 𝑀. 〈𝑥 −
𝐿
4
〉 +

𝑅"𝑥+

2
−
𝑤 〈𝑥 − 3𝐿4 〉

J

6
−
𝑃 〈𝑥 − 𝐿2〉

+

2
+ 𝐴 (2) 

[1 mark] 

Integrating with respect to 𝑥 again: 

 𝐸𝐼𝑦 =
𝑀. 〈𝑥 −

𝐿
4〉
+

2
+
𝑅"𝑥J

6
−
𝑤 〈𝑥 − 3𝐿4 〉

M

24
−
𝑃 〈𝑥 − 𝐿2〉

J

6
+ 𝐴𝑥 + 𝐵 (3) 

[1 mark] 

Boundary conditions: 

(BC1) At 𝑥 = 0, 𝑦 = 0, therefore from (3): 

𝐵 = 0 

[1 mark] 

(BC2) At 𝑥 = 𝐿, y = 0, therefore from (3): 
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0 =
9𝑀.𝐿+

32
+
𝑅"𝐿J

6
−
𝑤𝐿M

6144
−
𝑃𝐿J

48
+ 𝐴𝐿 

∴ 𝐴 =
𝑤𝐿J

6144
+
𝑃𝐿+

48
−
9𝑀.𝐿
32

−
𝑅"𝐿+

6
 

 

Substituting values of 𝑤, 𝐿, 𝑃, 𝑀. and 𝑅" into this gives: 

𝐴 = −732.42 

[1 mark] 

From (3), at 𝑥	 = T
+
  (point C): 

𝑦 =
1
𝐸𝐼
U
𝑀.𝐿+

32
+
𝑅"𝐿J

48
+
𝐴𝐿
2
V 

[1 mark] 

Substituting values of 𝐸, 𝐼, 𝐿, 𝑀., 𝑅" and 𝐴 into this gives: 

𝒚 = −𝟓𝟐. 𝟗𝟓	𝐦𝐦 

(i.e. downward deflection) 

[2 marks] 

 

(c)  

From (3), at 𝑥	 = T
M
  (point B): 

𝑦 =
1
𝐸𝐼
U
𝑅"𝐿J

384
+
𝐴𝐿
4
V 

[2 marks] 

Substituting values of 𝐸, 𝐼, 𝑅", 𝐿 and 𝐴 into this gives: 

𝒚 = −𝟑𝟓. 𝟖𝟒	𝐦𝐦 

(i.e. downward deflection) 

[2 marks] 
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From (2), at 𝑥	 = T
M
  (point B): 

𝑑𝑦
𝑑𝑥

=
1
𝐸𝐼
U
𝑅"𝐿+

32
+ 𝐴V 

[2 marks] 

Substituting values of 𝐸, 𝐼, 𝑅", 𝐿 and 𝐴 into this gives: 

𝒅𝒚
𝒅𝒙

= −𝟎. 𝟎𝟔𝟓𝟔𝒓𝒂𝒅 = −𝟑. 𝟕𝟔° 

(i.e. small negative gradient) 

[2 marks] 
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4.  

(a)  

 

𝐼 =
𝑏𝑑J

12
=
125 × 200J

12
= 83,333,333.33	mmM 

[1 mark] 

Checking if yielding occurs, first yield will occur when: 

𝜎 = ±𝜎F 

 

Therefore, at positions 𝑦 = ±100	mm	 h= +AA	ii
+

j 

𝑀F =
𝜎F𝐼
𝑦
=
200 × 83,333,333.33

100
= 166,666,666.66	Nm = 166.66	kNm 

 

The applied moment (200 kNm) exceeds 𝑀F, therefore yielding will occur. 

[2 marks] 

 

 

 

 

 

 

 

 

 

 

125

200 ! !
"	 = 210	GPa

+

,
-. 200	MPa
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Assuming yielding occurs at 𝑦 ≥ 𝑎 and 𝑦 ≤ −𝑎: 

 

[3 marks] 

Moment equilibrium: 

(Balance the moments due to stresses in the elastic and plastic regions with the applied moment) 

𝑀 = p 𝑦𝜎𝑑𝐴
"

= p 𝑦𝜎𝑏𝑑𝑦

D
+q

rD
+q

 

[2 marks] 

Due to the symmetry of the stress distribution, this can be rewritten as: 

𝑀 = 2p 𝑦𝜎𝑏𝑑𝑦

D
+q

A

 

 

Substituting the elastic and plastic terms for 𝜎 into this: 

𝑀 = 2sp𝑦
200
𝑎
𝑦𝑏𝑑𝑦

t

A

+ p 𝑦(200)𝑏𝑑𝑦

D
+q

t

w = 2 × 200𝑏sp
𝑦+

𝑎
𝑑𝑦

t

A

+ p 𝑦𝑑𝑦

D
+q

t

w 

!	(200	mm)

(

−(O

Section of the 
beam in bending

Stress distribution 
through the beam 

cross section

Cross section of 
the beam

Variation of stress with y: 
• For a < , < 100, . = 200	MPa
• For −a < , < (, . = 233

4 ,	MPa
• For −100 < , < −(, . = −200	MPa

200	MPa
(.,)

−200	MPa
(−.,)

5	(125	mm)7

8

7

9
:; ;
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= 400𝑏 xy
𝑦J

3𝑎
z
A

t

+ y
𝑦+

2
z
A

D
+q

{ = 400𝑏 xU
𝑎J

3𝑎
V + |

h𝑑 2q j
+

2
−
𝑎+

2 }
{ 

∴ 𝑀 = 400𝑏 ~
𝑑+

8
−
𝑎+

6
� 

 

Substituting the values of 𝑏, 𝑑 and the applied moment, 𝑀, into this: 

200,000,000 = 400 × 125 ~
200+

8
−
𝑎+

6
� 

∴ 𝑎+ = 6,000 

∴ 𝑎 = ±�6,000 = ±𝟕𝟕. 𝟒𝟔	𝐦𝐦 

[2 marks] 

Compatibility: 

 𝜀 =
𝑦
𝑅

 (1) 

[1 mark] 

At 𝑦 = 77.46	mm, 𝜎 = 200	MPa and since this point is within the elastic range: 

𝜀 =
𝜎F
𝐸
=

200
210,000

= 9.524 × 10rM 

 

Substituting this into (1) gives: 

9.524 × 10rM =
77.46
𝑅

 

∴ 𝑹 = 𝟖𝟏, 𝟑𝟑𝟏. 𝟑𝟕	𝐦𝐦 = 𝟖𝟏. 𝟑𝟑	𝐦 

[2 marks] 

 

(b)  

Unloading is assumed to be entirely elastic. Beam bending equation: 

𝑀
𝐼
=
𝜎
𝑦 �
=
𝐸
𝑅�
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∴
∆𝑀
𝐼
=
∆𝜎
𝑦

 

[2 marks] 

Max change in stress (∆𝜎) will occur at 𝑦	 = D
+
= 𝑦�tG	(= ±100	mm). 

∴ ∆𝜎�tG�� =
∆𝑀 × 𝑦�tG

𝐼
=
−𝑀 × 𝑦�tG

𝐼
=
−200,000,000 × ±100

83,333,333.33
 

= ∓240	MPa 

[2 marks] 

i.e. at 𝑦 = 100	mm: 

∆𝜎�tG�� = −240	MPa 

and at	𝑦 = −100	mm: 

∆𝜎�tG�� = 240	MPa 

 

 

[3 marks] 

Residual stress is well below yield (200 MPa), so reverse yielding does not occur. At 𝑦 = 77.46	mm, no plastic 
deformation occurs during loading and unloading, 

40	MPa

14.24	MPa

−14.24	MPa

−185.76	MPa

185.76	MPa

240	MPa−200	MPa
(−01)

200	MPa
(01)3

4

Loading stress 
distribution

Residual stress 
distribution

(Elastic) unloading 
stress distribution

Interpolation of (elastic) unloading line: 
At 1 = 100	mm, 0 = −240	MPa

1 = 70 + 9
∴ 100 = m×−240 + 0

∴ m = −0.417
At 1 = 77.46	mm, 77.46 = −0.417×0

∴ 0 = −185.76	MPa

−240	MPa 3

4+ =

−40	MPa 3

4

77.46	mm

−77.46	mm
−100	mm

100	mm
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𝜀����D�t� =
𝜎����D�t�

𝐸
=

14.24
210000

= 6.78 × 10r� 

[2 marks] 

Also,  

𝜀 =
𝑦
𝑅

 

[1 mark] 

∴ 6.78 × 10r� =
77.46
𝑅

 

∴ 𝑹 = 𝟏, 𝟏𝟒𝟐, 𝟒𝟕𝟕. 𝟖𝟖	𝐦𝐦 = 𝟏, 𝟏𝟒𝟐. 𝟒𝟖	𝐦 

[2 marks] 
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5.  

(a)  

Stress Intensity Factor is given as: 

𝐾� = 𝑌𝜎√𝜋𝑎 

Similarly, for 𝐾�� and 𝐾���. Where 𝑌 is a function of the crack and component (geometry). 

[2 marks] 

Paris showed that crack growth can be represented by the following empirical relationship: 

𝑑𝑎
𝑑𝑁

= 𝐶(∆𝐾)� 

where 𝐶 and 𝑚 are empirically determined material constants. There are 3 stages in the relationship between Crack 
growth Rate and Stress Intensity Factor, as shown in the following figure. 

[2 marks] 

 

 

Stage I: Below ∆𝐾��, no observable crack growth occurs. 

Stage II: This region shows an essentially linear relationship between Crack growth Rate and Stress Intensity Factor (on 
a log-log scale), where 𝑚 is the slope and 𝐶 is the vertical axis intercept.  

Stage III: Rapid crack growth occurs, and little life is involved.  

[3 marks] 

 

 

Stage I Stage II Stage III
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(b)  

As mean stress (and therefore 𝑅) is increased, fatigue life is decreased as shown in the following figure: 

 

[4 marks] 

 

(c)  

𝐾� = 𝜎���√𝜋𝑎 

 ∴ 𝐾��� = 𝜎 ��𝜋𝑎 �  (1) 

[2 marks] 

where  

𝐾��� = 40𝑀𝑃𝑎√𝑚 

and  

𝜎 � =
1
2
𝜎F =

1
2
× 360	MPa = 180	MPa 

[2 marks] 

Substituting these values for 𝐾���  and 𝜎 �  into (1) gives: 

40 = 180�𝜋𝑎 �  

∴ 𝒂𝒄𝒓 = �
𝟒𝟎
𝟏𝟖𝟎�

𝟐
×
𝟏
𝝅
= 𝟎. 𝟎𝟏𝟓𝟕𝟐	𝐦 = 𝟏𝟓. 𝟕𝟐	𝐦𝐦 

[2 marks] 

 

Increasing 
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(d)  

The applied load waveform is as shown in the following figure (note that 𝜎��� = 0	MPa, not −30	MPa, as compressive 
stress does not contribute to crack propagation): 

 

 

The Paris Law is given as: 

 
𝑑𝑎
𝑑𝑁

= 𝐶∆𝐾� (2) 

[2 marks] 

where: 

 ∆𝐾 = ∆𝜎√𝜋𝑎 (3) 

[1 mark] 

Substituting equation (3) into equation (2) gives: 

𝑑𝑎 = 𝐶£∆𝜎√𝜋𝑎¤
�
𝑑𝑁 

∴ 𝑑𝑁 =
1

𝐶£∆𝜎√𝜋𝑎¤
� 𝑑𝑎 

∴ p 𝑑𝑁
¥

A

=
1

𝐶£∆𝜎√𝜋¤
� p

1

£√𝑎¤
�

t��

t¦

𝑑𝑎 |=
1

𝐶£∆𝜎√𝜋¤
� p

1

𝑎
�
+

t��

t¦

𝑑𝑎 =
1

𝐶£∆𝜎√𝜋¤
� p 𝑎r

�
+

t��

t¦

𝑑𝑎} 

(i = initial) 

∴ [𝑁]A¥ =
1

𝐶£∆𝜎√𝜋¤
� ©

𝑎ªr
�
+

1 −𝑚2
«

t¦

t�

¬=
1

𝐶£∆𝜎√𝜋¤
� ©

𝑎
+r�
+

2 −𝑚
2

«

t¦

t�

­ 

!	($%&)

(

)* = 90

). = 90

0
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∴ 𝑁 − 0 =
1

𝐶£∆𝜎√𝜋¤
� ¬

𝑎 
+r�
+ − 𝑎�

+r�
+

2 −𝑚
2

­ 

 ∴ 𝑁 =
2U𝑎 

+r�
+ − 𝑎�

+r�
+ V

𝐶£∆𝜎√𝜋¤
�(2 −𝑚)

 (4) 

where: 

∆𝜎 = 180	MPa 

𝑎� = 0.001	m 

𝑎  = 0.01572	m 

And typical values for 𝐶 and 𝑚 are: 

𝑚 = 2.85 

and 

𝐶 = 10rª+ 	
m/cycle
MPa√m

 

[2 marks] 

Substituting these values into equation (4) gives: 

𝑁 =
2�0.01572

+r+.³�
+ − 0.001

+r+.³�
+ �

10rª+ × £180 × √𝜋¤
+.³�

× (2 − 2.85)
= 𝟐, 𝟐𝟑𝟔, 𝟓𝟖𝟎	𝐜𝐲𝐜𝐥𝐞𝐬 

[3 marks] 

  



Department of Mechanical, Materials & Manufacturing Engineering 
MMME2053 – Mechanics of Solids 

 
 

 
2014-2015 MM2MS2 Exam Solutions 
 

18 

6.  

(a)  

 

 

(b)  

 

 

(c)  

See part (b).  

 

s1

s2
22

221
2
1 ysssss =+-

:Mises von

Tresca 
þ
ý
ü

=
=

y

y

ss
ss

2

1

sy

sy

-sy

-sy

 Tresca
î
í
ì

-=
-=

y

y

ss
ss

2

1
ysss =- 21 :Tresca 

ysss =- 12 :Tresca 

s1

s2
22

221
2
1 ysssss =+-

:Mises von

Tresca 
þ
ý
ü

=
=

y

y

ss
ss

2

1

sy

sy

-sy

-sy

 Tresca
î
í
ì

-=
-=

y

y

ss
ss

2

1
ysss =- 21 :Tresca 

ysss =- 12 :Tresca 

s1

s2

s3

)321 sss ==(
axisc Hydrostati

(Tresca) criterion
 stress shear Maximum

Mises) (von criterion
densityenergy  alDistortion

s1

s2

s3

)321 sss ==(
axisc Hydrostati

(Tresca) criterion
 stress shear Maximum

Mises) (von criterion
densityenergy  alDistortion
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(d)  
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